A relativistic and non-local model for the coherent photoproduction of pions on nuclei is presented. The production operator is derived from an effective Lagrangian model that contains all the degrees of freedom known to contribute to the elementary process. Using the framework of DWIA, the matrix elements of this operator are evaluated using relativistic bound state wave functions. Final state interactions are accounted for via a pion-nucleus optical potential. The effects of in-medium modifications of the production operator are discussed. We give results for 12 C and 40 Ca, and compare our calculations to the data of the A2 collaboration at MAMI. * Work supported by BMBF and GSI Darmstadt. † This work forms part of the dissertation of W. Peters. ‡ Wolfram.Peters@theo.physik.uni-giessen.de
I. INTRODUCTION
Photonuclear reactions offer a unique possibility to test our understanding of hadrons in vacuum as well as within a nuclear environment. For elementary reactions like the photoproduction of pions, relativistic models based on an effective Lagrangian approach are well established by now (see for example [1] and references therein). Starting from the elementary process, numerous studies treat the photoproduction of pions on nuclei. Among the large number of possible reactions, the coherent photoproduction plays a special role. Since in this case the nucleus remains in the ground state after the reaction process, the amount of further theoretical assumptions is smaller than e.g. in the case of reactions like (γ, πN) or completely inclusive processes like photoabsorption on nuclei. In this sense the coherent photoproduction of pions is the cleanest test for any model that treats photoproduction of pions on nuclei.
The diagrams contributing to the elementary process of photoproduction of neutral pions on a single nucleon are shown in Fig. 1 : There are the direct and crossed nucleon graph, the direct and crossed ∆-graph and the graph containing the omega meson in the t-channel. There could in principle also be an analogous graph containing the rho meson, but due the smallness of the corresponding couplings it contributes only negligibly to the production of neutral pions [1] . We use the following interaction terms:
For the ∆-propagator we take [12] :
The width of the ∆ is taken to depend on the energy:
with Γ o = 120 MeV and c = 0.5 GeV. q and q o denote the momentum of the pion resulting from a decay of a ∆ of a mass √ s and of 1.232 GeV, respectively, in the rest-frame of the ∆.
For the coupling constants we use the following values: e = 0.3028 , g πNN = 0.97 κ p = 1.79 , κ n = −1.91 g πN∆ = 2.1 , g γN∆ = 0.34 g ωπγ = 0.313 , g v ωNN = 10 g t ωNN = 1.4 .
(5)
The coupling constants of the photon and the pion to the nucleon are well known. The value we use for g πN∆ corresponds to an on-shell decay width of the ∆ of 120 MeV, so that it is consistent with Γ o in Eq. (4) . g ωπγ has been determined from the decay width of an omega meson into a pion and a photon [1] . For the couplings of the omega to the nucleon different values are used in the literature; the values given in (5) are taken from [13] . The contribution of the omega graph to the photoproduction of pions or eta mesons is small, so that the ωNN coupling constants cannot be determined by fitting the experimental data for these processes [14, 15] . Instead, they are taken from NN scattering [16] , or they are derived from the ρNN parameters via SU(3) considerations [17] . The values for g v ωNN used in the literature for photoproduction processes range from 8 [17] to 17 [18] . In addition, a form factor is introduced at the ωNN-vertex:
with Λ 2 = 2 GeV 2 [14] . The sensitivity of our results to the omega parameters will be discussed in Sec. III. Finally, g γN∆ and c in Eq. (4) were adjusted such that the data for the cross section for the photoproduction of neutral pions on protons [19] are well reproduced (Fig. 2) .
B. Photoproduction on the nucleus
After having specified the elementary production operator we now turn to the photoproduction on the nucleus. The framework commonly used for exclusive processes like the coherent photoproduction is the DWIA. Here it is assumed that the production process involves only a single nucleon, while for the distortions of in-or outgoing particles interactions with the entire nucleus are taken into account. The single-particle production operator is taken from an elementary model and evaluated using realistic bound state and scattering state wave functions instead of plane waves. Since the nucleon participating in this reaction is bound in a potential, it is off-shell, and the production operator must be evaluated for kinematical situations different from the one in the free case.
For technical reasons a relativistic production operator is often simplified using on-shell relations or a non-relativistic reduction [18] , in order to make its evaluation easier. The resulting production operators are more or less equivalent on-shell, but the off-shell behavior is not the same as for the original operator. To avoid this problem, we take the production operator in its original form from the model described in the previous section, without rewriting it. Thus we use the natural off-shell dependence resulting from an effective field theory.
A numerical complication arises from the fact that the production operator depends on the momentum of the incoming nucleon, i.e. it is non-local. To circumvent complicated integrations, most DWIA calculations evaluate the production operator at some fixed effective nucleon momentum. For knock-out processes like (γ, πN), where the asymptotic momenta of the outgoing particles can be used to estimate the momentum arguments of the production operator, the validity of this approximation is discussed in [20] . In the case of coherent production, both the incoming and the outgoing nucleon are in a bound state, so that they do not have a well defined asymptotic momentum. To avoid the uncertainties related to the local approximation, we evaluate the matrix elements of the production operator completely non-locally. We will discuss the local and the non-relativistic approximation further in Sec. III.
C. The coherent process
In the nuclear coherent photoproduction of pions, the nucleus remains in the ground state after the reaction. In the case of spin zero nuclei (A) like 12 C or 40 Ca the quantum numbers of the participants are:
Since the pion in the final state has the quantum numbers 0 − , i.e. it has unnatural parity, the Lorentz invariant amplitude for the entire process must have the form [21] :
with
Here k, p and q are the momenta of the incoming photon, the incoming nucleus and the outgoing pion, respectively. ε (λ) ν is the polarization vector of the photon and A(s, t) is a scalar function that contains the entire dynamics of the process. This can be shown to yield:
k 2 cm and q 2 cm are the three momenta of the photon and the pion, θ cm is the scattering angle and W is the total energy of the photon-nucleus system; all these quantities are taken in the cm-frame. Thus the well known sin 2 θ-dependence of the coherent photoproduction of pions results directly from the quantum numbers involved. The differential cross section in the cm-frame is then given by:
where M A is the mass of the nucleus. Another important consequence of Eq. (8) is, that if one replaces the photon polarization ε µ by the photon momentum k µ , T (λ) vanishes. Thus the amplitude T (λ) is gauge invariant from the very beginning, independent of the model used for the nuclear ground state or the production process. This surprising result is a special feature of the coherent photoproduction which makes this reaction even more attractive from a theoretical point of view: In other reactions than the coherent one, like (γ, πN) or (e, e ′ N), the usual DWIA approach leads to a gauge-dependent amplitude [22, 23] . Methods to restore gauge invariance lead to considerable theoretical uncertainties [23] , which do not occur in the case of coherent photoproduction.
We work in position space, since the bound state and scattering state wave functions can easily be obtained in a position space representation. In the approach described above the first diagram in Fig. 1 corresponds to the following non-local expression:
Here ψ α is the wave function of the bound nucleon, φ (λ) µ is the wave function of the photon, which can be assumed to be a plane wave and φ (−) π is the distorted wave function of the pion satisfying incoming boundary conditions [24] . Γ πN N and Γ µ γN N are the vertices resulting from the coupling terms in Eq. (1) and G o N is the free nucleon propagator:
The effect of including a dressed instead of a free nucleon propagator will be discussed in Sec. III C. E is naturally determined by energy conservation:
where E α is the total, relativistic energy of the bound nucleon.
To evaluate (12), we use partial-wave expansions for the wave functions as well as for the propagator [24] . Whenever derivatives appear in the vertices, we actually insert the derivatives of wave functions, so that we take into account the non-locality of the production operator. After inserting the partial-wave expansions into Eq. (12) we can perform the angular integrations analytically, since they only involve spherical harmonics. The two radial integrations are evaluated numerically.
The remaining graphs in Fig. 1 are treated analogously. For the ∆-propagator we treat the contraction of Λ µν from Eq. (3) with the ∆Nγ-vertex as one term and use the partialwave expansion only for the remaining spin-1 2 part of the propagator:
Sine these expansions can only be made for a constant imaginary part of the denominator, we evaluate s Γ(s) at a fixed s o , which is taken to be the invariant mass of a photon and a bound nucleon, averaged over the Fermi sphere. A further technical problem arises from the p µ p ν term in Eq. (3), since its spatial components p i p j contain second derivatives, an exact treatment of which would greatly complicate the calculations. We therefore approximate this term by replacing
where k is the three-momentum of the photon. Since in momentum space the threemomentum of the ∆-propagator is the sum of photon and nucleon momentum, this amounts to putting for this special term the three-momentum of the incoming nucleon to zero. Using this approximation, this term contributes only on the percent level, so that this assumption does not affect our results significantly.
The ωNN form factor in Eq. (6) must also be treated separately in our approach. Since t = (p γ − p π ) 2 does not depend on the nucleon momentum, it is fixed when a plane wave is used for the pion, i.e. in PWIA. In DWIA it can be approximated using the asymptotic momentum of the pion. In the relevant kinematic region, t is small anyway as compared to the cutoff Λ 2 . Consequently the dependence of F (t) on the pion distortions is weak and its main effect is a renormalization of the ωNN coupling.
The angular integrations in Eq. (12) lead to rather complicated expressions for the vertices depending on the incoming and outgoing angular momenta. The sin θ dependence of the differential cross section is one test for their correct numerical implementation. As a further test we have checked that for T µ from Eq. (9) our calculation yields:
which has to be fulfilled for each graph separately, as can be seen from the definition of this quantity. Even though we evaluate the amplitude in position space it is instructive to consider Eq. (12) in momentum space:
where for the moment we assume the pion wave function to be a plane wave. If we now make the local approximation as described above by putting the momentum of the incoming nucleon in the argument ofT N dir equal to a constant p o , we can rewrite Eq. (18):
with the nucleonic tensor:
One sees, that in the local approximation the differential cross section for coherent photoproduction at a fixed energy involves the Fourier transformation of the nuclear ground state density, so that this cross section is proportional to a nuclear form factor. Superimposed are effects due to the non-locality of the production operator and the distortions of the pion wave function by the nucleus. Nevertheless, the differential cross section is dominated by the nuclear form factor, and the properties of the production operator itself can only be studied when the energy dependence of the cross section is considered.
D. The nuclear wave function
It is clear from these considerations, that it is crucial to describe the ground state properties of the nucleus realistically. The wave functions in Eq. (12) are taken from a relativistic mean-field calculation using scalar and time-like vector potentials V s and V v , respectively:
For the potentials V v and V s we assume a Woods-Saxon shape:
The parameters we use for these potentials are given in Table I . They were determined such that the separation energies [25] , the root mean square radius of the charge density and the charge form factors of 12 C and 40 Ca [26] are well reproduced. The resulting charge form factors are shown in Figs. 3 and 4 , together with the values extracted from experiment [26] .
E. The pion-nucleus interaction
It is well known, that the coherent cross section depends strongly on the interaction of the produced pion with the nucleus. This is taken into account by using a distorted pion wave function in Eq. (12), which is calculated from a position space optical potential. An optical potential as given in [27, 28] is used:
where
E π is the total energy of the pion, m N is the mass of the nucleon and ρ is the nuclear density normalized to A, obtained by summing the single particle densities in the potentials Eq. (22) over the occupied states. This optical potential contains sand p-wave interactions of the pion via b(r) and c(r) and the so called true absorption via B(r) and C(r). The quantity L(r) comes in because of the Lorentz-Lorenz-Ericson-Ericson effect [12] . The last term in Eq. (23) results from the so called angle transformation [12] , which is a kinematical effect. The parameter λ is a real constant, while the quantities b o , c o , C o , and C o are complex and energy dependent. In [27, 28] these parameters are only given for pion kinetic energies up to 50 MeV. Since we want to compare our calculations to the A2 data, we need an optical potential for pion kinetic energies up to about 300 MeV. In order to have a consistent parameterization over this range of energies, we adopt the same form as in Eq. (23) also for higher energies. The parameters were determined by fitting the elastic scattering data of pions on 12 C [29], including the nuclear Coulomb potential as done in [27] . Doing so one is confronted with the fact that there is a large redundancy between some of the parameters, especially between b o and B o and between c o and C o [30] . Consequently, a naive fit of all parameters leads to unphysical values. We therefore put B o = 0 and C o = 0 and determined b o and c o as complex, effective parameters. In Fig. 5 we show the cross sections for elastic pion scattering on 12 C in comparison to the experimental data. In order to have one more set of parameters at higher energies, we included elastic pion scattering on 16 O at T π = 330 MeV into the fitting procedure. For T π = 100 MeV and T π = 157 MeV, we were not able to find a parameter set that lead to agreement with the data beyond the second minimum of the differential cross section, without showing discrepancies at smaller angles. In these two cases we chose the optical potential parameters such that the data are reproduced well for angles up to the second minimum. In order to obtain the optical parameters as smooth functions of the pion energy, we interpolated our fit results as shown in Fig. 6 .
III. RESULTS
A. PWIA
The model described in the previous section was used to calculate differential and total cross sections for the coherent photoproduction of pions on nuclei. In Fig. 7 and Fig. 8 we show our results for plane wave impulse approximation (PWIA), i.e. with a free outgoing pion. As has been discussed at the end of Sec. II C, the total cross section shows the resonant character of the elementary production operator, while the shape of the differential cross section results from the nuclear form factor (multiplied with sin 2 θ). In Fig. 7 we also show the contributions of the different diagrams. Clearly, the ∆-resonance dominates the process, but the other diagrams lead to sizable corrections that should not be neglected. The omega contribution comes only from the vector coupling of the omega (Eq. (1) ), the tensor coupling contributes only negligibly.
It is now instructive to consider the non-relativistic and the local approximation, which have been used in previous studies [8] [9] [10] [11] . To do so, we also made calculations employing for the direct ∆-part the non-relativistic production operator from [8] . There the exchange graph of the ∆-is neglected and the ∆-width is assumed to be constant. In our model, using this non-relativistic operator corresponds to neglecting the lower components of the nuclear wave functions and of the ∆-propagator. The result is shown in Fig. 9 . Since the non-relativistic curve in this figure only contains contributions from the upper components of the relativistic bound state wave functions, it is not completely equivalent to the nonrelativistic calculation in [9] , where non-relativistic wave functions are used. Nevertheless, we can conclude about the relative size of relativistic effects, which can in this case be as large as 30%.
The local approximation was implemented by putting the momentum of the incoming nucleon in the argument of the production operator equal to zero, i.e. the nucleon is assumed to be initially at rest. The result is also shown in Fig. 9 . The difference between the two non-relativistic versions of our model can be understood from Eq. (18) for the direct ∆diagram: If the dependence of the production operator on the incoming nucleon momentum p, is taken into account, the ∆-peak is smeared out because of the integration over p. Thus the non-local calculation shows in comparison to the local result a lower, broader ∆-peak, which is also shifted to higher energies.
B. DWIA
We now take the final state interaction of the pion with the nucleus into account by means of the optical potential given in Eq. (23) . The resulting total and differential cross sections for 12 C and 40 Ca are shown in Figs. 10, 11 and 12 in comparison to PWIA results. For the case of 40 Ca we took the same parameters for the pion optical potential as for 12 C. For E γ < ∼ 230 MeV, i.e. for T π < ∼ 100 MeV, where the absorption is relatively small (cf. Fig. 6 ), the distortion of the pion wave function leads to an increase of the total cross section, indicating the importance of off-shell effects in the pion distorted wave. For higher photon energies the cross section is strongly reduced because of the large imaginary part of the pion optical potential. This reduction is stronger in the case of 40 Ca, since the absorption of pions increases with the nuclear mass. Besides that, the curves for the two different nuclei are very similar in shape, and differ mainly by a global factor. Making an ansatz σ ∼ A α we find α ∼ 0.7 for the case of PWIA. This rather weak A-dependence results from the different momentum dependence of the nuclear form factor for 12 C and 40 Ca (cf. Figs. 3  and 4 ): For a given momentum transfer, the 40 Ca form factor is much smaller than the one for 12 C, which compensates for the fact that there are A amplitudes to be summed for a given nucleus (Eq. (12)). For the DWIA results we find the smaller value α ∼ 0.5-0.6, depending on the photon energy. This somewhat smaller value again reflects the stronger pion absorption on 40 Ca.
At this point it must be kept in mind, that two different but phase-equivalent optical potentials might yield the same elastic scattering cross section, but lead to a different behavior of the pion wave function in the nuclear interior. Since in Eq. (12) the pion wave function within the nucleus, rather than its asymptotic behavior, is relevant, two phase equivalent optical potentials might in principle lead to different results for the coherent photoproduction of pions.
In order to explore this possible ambiguity, we have also performed calculations with the parameter sets given in [27] and [28] for T π = 50 MeV (E γ = 184 MeV). Using these parameter sets, in which the parameters B o and C o are non-zero, we get a total cross section that differs from the one obtained with our pion optical potential by less that 10 % at this specific pion energy. This indicates that our results depend only weakly on the concrete version of the optical potential. At higher energies the 50 MeV parameters from [27, 28] and our energy dependent optical potential lead to cross sections that differ strongly, which shows the importance of including properly the energy dependence of the parameters shown in Fig. 6 .
In Fig. 13 results for a DWIA as well as for a PWIA calculations are shown in comparison to the A2 data [4] . While the PWIA yields a completely wrong shape,the DWIA reproduces the energy dependence of the data well, but overshoots the data on the maximum by about 15 %.
As mentioned above, the ωNN vector coupling constant and the form factor (Eq. (6)), which lead to the ω contribution in Fig. 7 , are not accurately known. In the elementary photoproduction of neutral pions the contribution of the omega graph to the differential cross section is about 10 %, depending on the angle. To show the dependence of our result for the coherent photoproduction on the omega parameters, we show in Fig. 14 calculations employing different values of g v ωN N and Λ. One sees from Fig. 14 that the height of the maximum in the data could be reproduced better with a different choice of values for the omega coupling and the cutoff. The value of g v ωN N =8, however, which is used to obtain the lower curve in Fig. 14, results from SU(3) considerations, which predict g ωN N = 3g ρN N . The values for these couplings extracted from NN-scattering do not fulfill this relation [16] . We therefore use g ωN N =10, which has been determined from NN-scattering [13] .
C. Medium effects
So far we have used the same production operator as in vacuum. Since it contains propagators of strongly interacting particles, the possibility of medium modifications of the production operator through modifications of the intermediate propagators has to be taken into consideration.
For the nucleon propagator we include medium effects by replacing the free propagator with the one obtained from the mean-field in which the bound state wave functions were calculated. We thus employ a dressed nucleon propagator G N that fulfills
Since G N is calculated in the mean-field approximation, it contains the static properties of a struck nucleon interacting with the residual nucleus. It is the natural extension of the elementary model to reactions on the nucleus, in which the bound and the intermediate nucleon are treated consistently. In Fig. 15 we show results of calculations for 12 C using the free as well as the dressed nucleon propagator from Eq. (25) . The decrease of the cross section results from the fact, that the total contribution of the nucleon terms is the result of an approximate cancellation of direct and exchange graph; in the case of the dressed nucleon propagator, this cancellation is more complete, leading to a smaller net contribution. For the ∆-resonance it is well known, that it feels an attractive potential of about -30 MeV at normal nuclear density [12] , which might have an effect on any production process involving the ∆. Indeed, in ( 3 He, t) and (d, 2 He) reactions a shift of the ∆-peak relative to the reaction on the proton has been observed [31, 32] . A considerable part of this shift is, however, due to trivial effects e.g. the energy dependence of the nuclear form factor, so that it is only partially a consequence of in-medium modifications of the ∆ [33, 34] . In contrast to that, the ∆-peak remains essentially unshifted in the photoabsorption on nuclei [35] .
Calculating the full, relativistic ∆-propagator in the presence of nuclear potentials is out of the scope of this work. We effectively take the attraction of a ∆-within a nucleus into account by shifting its mass in the production operator . In Fig. 15 we show results of a calculation with the ∆-mass reduced by 15 MeV. While the dressed nucleon propagator leads to a decrease of the cross section for all energies, a mass shift of the ∆ increases the cross section at lower energies and decreases it at higher energies. The value δm ∆ = -15 MeV has been chosen since for this value the absolute height of the maximum of the A2 data is reproduced (Fig. 16 ). Since this number can only be interpreted as an average over the entire nucleus, it seems to be quite reasonable in comparison to the depth of the ∆potential of 30 MeV [12] . It must at this point be kept in mind, that the actual value of δm ∆ , determined by comparison to the data, depends to some extent on the value used for of the ωNN coupling constant.
Besides the mass, the width of the ∆ might also be modified in the medium. However, in this case the situation is less clear: A simple analysis taking into account Pauli blocking and collisional broadening leads to a width that is rather independent of the nuclear density [36] . In contrast to that, delta-hole calculations predict an increase of the width by as much as 60 MeV [37] . In Fig. 16 we also show the results of a calculation employing a ∆-width that is increased by 30 MeV, which leads to visible effects only at higher energies. Thus for the A2 data we can clearly distinguish between the effect of a modified mass and a modified width of the ∆.
As can be seen in Fig. 16 , the inclusion of a dressed nucleon propagator and a lowered ∆-mass clearly improves the agreement with the data around the maximum. At higher energies, the situation is not clear. The in-medium production operator seems to lead to an underestimation of the data for E γ > 350 MeV. More experimental data, especially at smaller angles, are needed in this energy range before definite conclusions can be drawn.
Since there is no reliable information available on the modification of an omega meson with space-like momentum in nuclear matter, we did not consider an in-medium modification of the corresponding graph.
The special energy dependence of the differential cross section at a constant angle is the result of an interplay between the energy dependence of the production operator and the nuclear form factor. In order to circumvent the energy dependence of the form factor, as well as to eliminate the trivial sin 2 θ term (Eq. (10)), we show in Fig. 17 the differential cross section for a constant momentum transfer | q| = 0.1 GeV, divided by sin 2 θ as a function of the photon energy for 12 C and 40 Ca. When plotting the cross section this way, the inmedium modifications of the production operator lead to a strong effect, visible over a large range of energies. Especially an increased ∆-width now leads to a pronounced effect. Thus the new TAPS data, that will cover a large range of angles for each energy [38] , might allow to distinguish between the different cases in Fig. 17 .
IV. SUMMARY AND CONCLUSIONS
We have presented a relativistic and non-local model for the coherent photoproduction of pions on nuclei. Since the calculation for this process is gauge invariant, and since only a minimum amount of theoretical input is needed, this reaction represents an attractive field to test our understandings of hadrons and nuclei.
The production operator employed was derived from an effective Lagrangian for which the free parameters were fixed by comparison to the data for elementary processes. Applying this production operator to the photoproduction on a nucleus involves an off-shell extrapolation with respect to the nucleon. In our model we used the off-shell behavior following naturally from an effective field theory. The validity of this extrapolation, as well as the DWIA assumption that only one nucleon is involved in the production process, can only be tested in comparison to experimental data. We have shown, that non-relativistic as well as local approximations can lead to considerable uncertainties. Our results depend somewhat on the value used for the ωNN coupling constant, which is not well known. However, the resulting uncertainties are less than 10 %. Employing the same production operator as in vacuum leads to a good reproduction of the shape of the A2 data, but a slight overestimation of the absolute value. The agreement with these data could be improved by taking into account medium modifications of the production operator via modifications of the nucleon and ∆-propagators.
We conclude that the relativistic DWIA, employing a realistic production operator is an adequate approach to the coherent photoproduction of pions on nuclei. More experimental data on this process will present a further test of our model and might allow more conclusions about the role of medium effects.
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V FIG. 16 . Same as Fig. 13 , but with a free production operator (dashed line), an in-medium production operator with a dressed nucleon propagator and a ∆-mass shift δm ∆ =-15 MeV (full line), and with an in-medium production operator including additionally an increased ∆-width δΓ ∆ = 30 MeV (dotted line). FIG. 17. Differential cross section divided by sin 2 θ for 12 C(γ, π o ) 12 C and 40 Ca(γ, π o ) 40 Ca for a fixed momentum transfer of 0.1 GeV. The labeling of the curves is the same as in Fig. 16 : free production operator (dashed line), in-medium production operator with a dressed nucleon propagator and a ∆-mass shift δm ∆ =-15 MeV (full line), and with an in-medium production operator including additionally an increased ∆-width δΓ ∆ = 30 MeV (dotted line).
